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Sieve of Eratosthenes

© Copyright 1998, Jim Loy 

A prime number (such as 2 or 3 or 5) is a natural number (positive whole number) which is only divisible by itself and one (and no other natural number). The other natural numbers (greater than one), are called composite numbers, and are the products of prime numbers. One is neither prime nor composite. See my article, The Infinitude Of Primes. 

To determine if a number is prime or composite (and list its prime factors), we often have to experiment by dividing by primes from a list of primes. We divide by 2, 3, 5, etc. And if none of these divisions comes out even, then our number is a prime. Let's try 91, which looks like it might be a prime. We try 2, 3, 5, and those don't come out even. But, when we divide by 7, we get 13. So 91=7 x 13, and is composite. 

There is a fairly simple method for making a list of primes. We will start with a list of all of the numbers from 2 to 100: 

     2  3  4  5  6  7  8  9 10

 11 12 13 14 15 16 17 18 19 20

 21 22 23 24 25 26 27 28 29 30

 31 32 33 34 35 36 37 38 39 40

 41 42 43 44 45 46 47 48 49 50

 51 52 53 54 55 56 57 58 59 60

 61 62 63 64 65 66 67 68 69 70

 71 72 73 74 75 76 77 78 79 80

 81 82 83 84 85 86 87 88 89 90

 91 92 93 94 95 96 97 98 99 100

We now make 2 bold (you can circle it), identifying it as prime (it is not divisible by lesser primes), and cross out every second number after 2: 

     2  3  X  5  X  7  X  9  X

 11  X 13  X 15  X 17  X 19  X

 21  X 23  X 25  X 27  X 29  X

 31  X 33  X 35  X 37  X 39  X

 41  X 43  X 45  X 47  X 49  X

 51  X 53  X 55  X 57  X 59  X

 61  X 63  X 65  X 67  X 69  X

 71  X 73  X 75  X 77  X 79  X

 81  X 83  X 85  X 87  X 89  X

 91  X 93  X 95  X 97  X 99  X

We have now identified 3 as a prime. It is not divisible by lesser primes. And we cross out every third number after 3. Some of these are already crossed out. I will just skip over those: 

     2  3  X  5  X  7  X  X  X

 11  X 13  X  X  X 17  X 19  X

  X  X 23  X 25  X  X  X 29  X

 31  X  X  X 35  X 37  X  X  X

 41  X 43  X  X  X 47  X 49  X

  X  X 53  X 55  X  X  X 59  X

 61  X  X  X 65  X 67  X  X  X

 71  X 73  X  X  X 77  X 79  X

  X  X 83  X 85  X  X  X 89  X

 91  X  X  X 95  X 97  X  X  X

We do the same thing with 5, and then 7: 

     2  3  X  5  X  7  X  X  X

 11  X 13  X  X  X 17  X 19  X

  X  X 23  X  X  X  X  X 29  X

 31  X  X  X  X  X 37  X  X  X

 41  X 43  X  X  X 47  X  X  X

  X  X 53  X  X  X  X  X 59  X

 61  X  X  X  X  X 67  X  X  X

 71  X 73  X  X  X  X  X 79  X

  X  X 83  X  X  X  X  X 89  X

  X  X  X  X  X  X 97  X  X  X

And now, we can stop! You may want to go on and try 11. But that is unnecessary. No more numbers will be crossed out, between 2 and 100. Do you see why? 

We can stop at the square root of 100, which is 10. The reason for this is that any number less than 100 (91, for example), which is divisible by a number greater than the square root of 100 (13, in this example), is also divisible by a number less than the square root of 100 (7, in this example). So, we have already crossed out all such numbers. 

Removing the x's, we have this list of primes: 

 2 3 5 7 11 13 17 19 23 29 31 37 41 43 47 53 59 61 67 71 73 79 83 89 97



This process is called the Sieve of Eratosthenes, after the Greek mathematician, from Alexandria, who invented it. He is also the man who first measured the circumference of the earth. This method, of listing primes, is called a "sieve" because it is like taking all of the numbers (up to some maximum) and running them through a sieve to separate out all of the primes. This process works well on a computer, by the way.
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